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Abstract
Investigation of the crossing number of graphs is a classical but very difficult problem. The exact value of the crossing number
is known only for a few specific families of graphs. In this paper we extend a recent result from Bokal on the crossing number of
K1,mPn , and prove that cr(K2,mPn) = 2nbm2 cbm−12 c.
c© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
We consider only simple undirected graph and their good drawings.
Calculating the crossing number of a given graph is, in general, an elusive problem. Zarankiewicz [1] gave a
drawing of Kr,m which demonstrates that
cr(Kr,m) ≤ Z(r,m) =
⌊r
2
⌋⌊r − 1
2
⌋⌊m
2
⌋⌊m − 1
2
⌋
.
The equality holds for min(r,m) ≤ 6 [2] and for the special cases 7 ≤ r ≤ 8, 7 ≤ m ≤ 10 [3]. The Cartesian
product GH of graphs G and H has vertex set V (G) × V (H) and edge set E(GH) = {{(x1, y1), (x2, y2)} |
x1 = x2 and y1y2 ∈ E(H) or y1 = y2 and x1x2 ∈ E(G)}. There are several known exact results on the crossing
numbers of Cartesian products of paths, cycles or stars with various other graphs [4–9]. In [7], Bokal proved that
cr(K1,mPn) = (n − 1)bm2 cbm−12 c.
In this paper, we extend Bokal’s result, and prove that the crossing number of K2,mPn is 2nbm2 cbm−12 c.
2. The upper bound of cr(Kr,mPn) (min(r,m) ≥ 2)
Let
V (Kr,mPn) =
n⋃
i=0
({x ij | 0 ≤ j ≤ r − 1} ∪ {yij | 0 ≤ j ≤ m − 1}),
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E(Kr,mPn) =
(
n⋃
i=0
{x ij yik | 0 ≤ j ≤ r − 1, 0 ≤ k ≤ m − 1}
)
∪
(
n⋃
i=1
{x i−1j x ij | 0 ≤ j ≤ r − 1}
)
∪
(
n⋃
i=1
{yi−1j yij | 0 ≤ j ≤ m − 1}
)
.
For 0 ≤ i ≤ n, let
V i = {x ij | 0 ≤ j ≤ r − 1} ∪ {yij | 0 ≤ j ≤ m − 1},
E i = {x ij yik | 0 ≤ j ≤ r − 1, 0 ≤ k ≤ m − 1},
K ir,m = (V i , E i ).
For 1 ≤ i ≤ n, let
P ix = {x i−1j x ij | 0 ≤ j ≤ r − 1},
P iy = {yi−1j yij | 0 ≤ j ≤ m − 1},
P i = P ix ∪ P iy .
Then, we have
E i ∩ E j = φ, 0 ≤ i < j ≤ n,
P i ∩ P j = φ, 1 ≤ i < j ≤ n,
E i ∩ P j = φ, 0 ≤ i ≤ n, 1 ≤ j ≤ n,
E(Kr,mPn) =
(
n⋃
i=0
E i
)
∪
(
n⋃
i=1
P i
)
.
Let A and B be two disjoint subsets of E . In a drawing D, the number of the crossings formed by an edge in A and
another edge in B is denoted by νD(A, B). The number of the crossings that involve a pair of edges in A is denoted
by νD(A). Then ν(D) = νD(E). By counting the number of crossings in D, we have Lemma 2.1.
Lemma 2.1. Let A, B, C be mutually disjoint subsets of E. Then,
νD(C, A ∪ B) = νD(C, A)+ νD(C, B),
νD(A ∪ B) = νD(A)+ νD(B)+ νD(A, B).
Lemma 2.2. For min(r,m) ≥ 2,
cr(K2,r,m) ≤ Z(r + 2,m + 2)− rm
and
cr(K1,r,m) ≤ Z(r + 1,m + 1)−
⌊r
2
⌋⌊m
2
⌋
.
Proof. We will proof the theorem by exhibiting drawings in a cylinder. A cylinder can be ‘assembled’ from a polygon
by identifying one pair of opposite sides of a rectangle [10].
Let
X = {xi | 0 ≤ i ≤ r − 1}, Y = {y j | 0 ≤ j ≤ m − 1}, Z = {z0, z1},
EXY = {xi y j | 0 ≤ i ≤ r − 1, 0 ≤ j ≤ m − 1},
EX Z = {xi z j | 0 ≤ i ≤ r − 1, 0 ≤ j ≤ 1},
EY Z = {yi z j | 0 ≤ i ≤ m − 1, 0 ≤ j ≤ 1},
E(zi ) = {zi x j | 0 ≤ j ≤ r − 1} ∪ {zi y j | 0 ≤ j ≤ m − 1}, i = 0, 1,
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Fig. 2.1. A drawing of D0 of Kr,m .
Fig. 2.2. A drawing of D2 of K2,r,m .
V (Kr,m) = X ∪ Y, V (K2,r,m) = X ∪ Y ∪ Z ,
E(Kr,m) = EXY , E(K2,r,m) = EXY ∪ EX Z ∪ EY Z .
A cylinder drawing D2 of K2,r,m is exhibited in Fig. 2.2, where νD2(EX Z ∪ EY Z ) = 0 and ν(D2) = νD2(EXY )+
νD2(EXY , EX Z ∪ EY Z ).
Let D0 be the drawing of Kr,m in D2. Let X1 = {xi | 0 ≤ i ≤ d r2e − 1}, X2 = {xi | d r2e ≤ i ≤ r − 1},
Y1 = {yi | 0 ≤ i ≤ dm2 e− 1} and Y2 = {yi | dm2 e ≤ i ≤ m− 1}. Now, for all x ∈ X = X1 ∪ X2 and y ∈ Y = Y1 ∪Y2,
join x and y by a line segment to form Kr,m . (We also show this construction in Fig. 2.1. Notice that for x ∈ X1 and
y ∈ Y2, the line segment passes the identified sides.) For any pair vertices xi,1, xi,2 ∈ X i (i = 1, 2) and any pair
vertices y j,1, y j,2 ∈ Y j ( j = 1, 2), there is exactly one crossing, and hence the total number of crossings in D0 is
ν(D0) = νD2(EXY ) =
(b r2c
2
)(⌊m
2
⌋
2
)
+
(d r2e
2
)(⌊m
2
⌋
2
)
+
(⌊ r
2
⌋
2
)(dm2 e
2
)
+
(d r2e
2
)(dm2 e
2
)
=
⌊r
2
⌋⌊r − 1
2
⌋⌊m
2
⌋⌊m − 1
2
⌋
. (2.1)
For 0 ≤ i ≤ d r2e−1, z0xi is crossed by all edges in {x j yk | i < j ≤ d r2e−1, dm2 e ≤ k ≤ m−1}. For d r2e ≤ i ≤ r−1,
z0xi is crossed by all edges in {x j yk | d r2e ≤ j < i, dm2 e ≤ k ≤ m − 1}. For 0 ≤ i ≤ dm2 e − 1, z0yi is crossed
by all edges in {y j xk | 0 ≤ j < i, d r2e ≤ k ≤ r − 1}. For dm2 e ≤ i ≤ m − 1, z0yi is crossed by all edges in{y j xk | i < j ≤ m − 1, d r2e ≤ k ≤ r − 1}. So the number of crossings on E(z0) is
νD2(E(z0), EXY ) =
d r2 e−1∑
i=0
(⌈r
2
⌉
− 1− i
) ⌊m
2
⌋
+
r−1∑
i=d r2e
(
i −
⌈r
2
⌉) ⌊m
2
⌋
+
dm2 e−1∑
i=0
i
⌊n
2
⌋
+
m−1∑
i=dm2 e
(m − 1− i)
⌊r
2
⌋
=
⌊r
2
⌋⌊r − 1
2
⌋⌊m
2
⌋
+
⌊m
2
⌋⌊m − 1
2
⌋⌊r
2
⌋
. (2.2)
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Fig. 2.3. A drawing of D1 of K1,r,m .
Similarly, the number of crossings on E(z1) is
νD2(E(z1), EXY ) =
⌊r
2
⌋⌊r − 1
2
⌋⌊
m + 1
2
⌋
+
⌊m
2
⌋⌊m − 1
2
⌋⌊
r + 1
2
⌋
. (2.3)
From (2.1)–(2.3), we have
cr(K2,r,m) ≤ ν(D2) = νD2(EXY )+ νD2(EXY , EX Z ∪ EY Z )
=
⌊r
2
⌋⌊r − 1
2
⌋⌊m
2
⌋⌊m − 1
2
⌋
+
⌊r
2
⌋⌊r − 1
2
⌋⌊m
2
⌋
+
⌊m
2
⌋⌊m − 1
2
⌋⌊r
2
⌋
+
⌊r
2
⌋⌊r − 1
2
⌋⌊
m + 1
2
⌋
+
⌊m
2
⌋⌊m − 1
2
⌋⌊
r + 1
2
⌋
=
⌊
r + 2
2
⌋⌊
r + 1
2
⌋⌊
m + 2
2
⌋⌊
m + 1
2
⌋
− rm
= Z(r + 2,m + 2)− rm. (2.4)
Deleting z1 and all related edges in D2, we obtain a drawing D1 (Fig. 2.3) of K1,m,n . From (2.3) and (2.4), we have
cr(K1,r,m) ≤ ν(D1) = ν(D2)− νD2(E(z1), EXY )
=
⌊
r + 1
2
⌋⌊r
2
⌋⌊m + 1
2
⌋⌊m
2
⌋
−
⌊r
2
⌋⌊m
2
⌋
= Z(r + 1,m + 1)−
⌊r
2
⌋⌊m
2
⌋
.  (2.5)
Theorem 2.1. For min(r,m) ≥ 2,
cr(Kr,mPn) ≤ (n − 1) (Z(r + 2,m + 2)− rm)+ 2
(
Z(r + 1,m + 1)−
⌊r
2
⌋⌊m
2
⌋)
.
Proof. Fig. 2.4 shows a cylinder drawing D of Kr,mPn with (n + 1) disjoint Kr,m and (r + m) pairwise parallel
n-paths. By counting the number of crossings in D, we obtain an upper bound of cr(Kr,mPn), i.e.,
cr(Kr,mPn) ≤ ν(D) = νD
(
n⋃
i=0
E i ∪
n⋃
i=1
P i
)
= (n − 1)ν(D2)+ 2ν(D1)
= (n − 1) (Z(r + 2,m + 2)− rm)+ 2
(
Z(r + 1,m + 1)−
⌊r
2
⌋⌊m
2
⌋)
. 
3. cr(K2,mPn) = 2nbm2 cbm−12 c
The vertex set of K2,mPn is
⋃n
j=0(X j ∪ Y j ), where X j := {x ji |i = 0, 1} and Y j := {y jk |0 ≤ k ≤ m − 1}.
The edge set is (
⋃n
j=0 E(X jY j )) ∪ (
⋃n
j=0 E(X j X j+1)) ∪ (
⋃n
j=0 E(Y jY j+1)), where E(X jY j ) := {x ji y jk |0 ≤ i ≤
1, 0 ≤ k ≤ m − 1}, E(X j X j+1) := {x ji x j+1i |i = 0, 1}, E(Y jY j+1) := {y jk y j+1k |0 ≤ k ≤ m − 1}.
W. Zheng et al. / Discrete Mathematics 308 (2008) 6639–6644 6643
Fig. 2.4. A drawing of Kr,mPn .
Theorem 3.1. The crossing number of K2,mPn is 2nbm2 cbm−12 c.
Proof. Fig. 2.4 shows how to draw Kr,mPn with (n−1)(bm+22 cbm+12 cb r+22 cb r+12 c−mr)+2(bm+12 cbm2 cb r+12 cb r2c−
bm2 cb r2c) crossings. For r = 2, this gives 2nbm2 cbm−12 c, and so cr(K2,mPn) ≤ 2nbm2 cbm−12 c. To complete the proof
we show the reverse inequality.
For each j = 1, 2, . . . , n − 1, and each (s, t) ∈ {0, 1} × {0, 1}, let T js,t denote the subgraph of K2,mPn induced
by x j−1s , X j , x j+1t , Y j−1, and Y j+1, minus the edges x
j−1
s x
j
s and x
j
t x
j+1
t . Each T
j
s,t is homeomorphic to K4,n . For
s = 0, 1, let S0s denote the subgraph of K2,mPn induced by xn−1s , Xn, Y n−1 and Y n , minus xn−1s xns . Each S js is
homeomorphic to K3,n .
Consider any good drawing D of K2,mPn . Let us say that a crossing in D among two edges in a T js,t (respectively,
S js ) is valid if it is a good crossing even after we suppress the degree two vertices of T
j
s,t (respectively, S
j
s ).
Since cr(K3,m) = bm2 cbm−12 c and cr(K4,m) = 2bm2 cbm−12 c, and there are 4(n − 1)T js,t ’s and 4 S js ’s, it follows that
the sum of the valid crossings over all the T js,t ’s is at least 4(n − 1) · 2bm2 cbm−12 c, and the sum of the valid crossings
over all the S js ’s is at least 4 · bm2 cbm−12 c.
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A quick inspection shows that (i) no valid crossing occurs both in a T js,t and in an S
j
s ; (ii) each valid crossing occurs
at most in four T js,t ’s; and (iii) each valid crossing occurs at most in two S
j
s ’s. Therefore the number of crossings in D
is at least (1/4)(4(n − 1) · 2bm2 cbm−12 c)+ (1/2)(4 · bm2 cbm−12 c) = 2nbm2 cbm−12 c. 
4. Conclusion
Furthermore, we have the following conjecture:
Conjecture 4.1.
cr(Kr,mPn) = (n − 1) (Z(r + 2,m + 2)− rm)+ 2
(
Z(r + 1,m + 1)−
⌊r
2
⌋⌊m
2
⌋)
.
From Bokal [7] and Theorem 3.1, Conjecture 4.1 holds for min(r,m) ≤ 2.
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